This paper investigates the random vibration and the dynamic reliability of operation stability of train moving over slab track on bridge under track irregularities and earthquakes by the pseudoexcitation method (PEM). Each vehicle is modeled by multibody dynamics. The track and bridge is simulated by a rail-slab-girder-pier interaction finite element model. The coupling equations of motion are established based on the wheel-rail interaction relationship. The random excitations of the track irregularities and seismic accelerations are transformed into a series of deterministic pseudoexcitations by PEM. The time-dependent power spectral densities (PSDs) of the random vibration of the system are obtained by step-by-step integration method, and the corresponding dynamic reliability is estimated based on the first-passage failure criterion. A case study is then presented in which a high-speed train moves over a slab track resting on a simply supported girder bridge. The PSD characteristics of the random vibration of the bridge and train are analyzed, the influence of the wheel-rail-bridge interaction models on the random vibration of the bridge and train is discussed, and furthermore the influence of train speed, earthquake intensity, and pier height on the dynamic reliability of train operation stability is studied.
Introduction
High-speed railway has become one of the most important forms of public transportation in many countries [1] [2] [3] . Meanwhile, bridges have been widely used as the supporting structures for high-speed railway [4, 5] ; for example, bridges account for approximately 75% of the length of the TaipeiKaohsiung high-speed railway in Taiwan [6] . This considerably increases the probability of earthquakes taking place when trains are crossing bridges. As for railway bridges, it is possible that the bridge itself may remain safe during an earthquake but may not be safe enough for the train to move over it due to excessive vibration of the sustaining bridge [7] .
Evidently, the dynamic response characteristic and the stability of the moving trains over bridges shaken by earthquakes have become a subject of great concern for the railway engineers [8] [9] [10] [11] , especially in those countries that are earthquakeprone [12] [13] [14] . In the study by Miura [15] , the emphasis was placed on the earthquake-induced displacement of track and structures, as well as the damage of trains caused by earthquake excitations, rather than on the dynamic stability of trains during an earthquake. Miyamoto et al. [16] analyzed analytically the operation safety of railway vehicles under the action of earthquakes using a three-dimensional simplified vehicle model, where sine waves were used as the input excitation and the vehicle was assumed to remain stationary on the 2 Discrete Dynamics in Nature and Society track. Yang et al. [17] investigated the dynamic stability of the train, initially static or traveling over bridges shaken by earthquakes by a three-dimensional model for the train, track, and bridge. In their works, the maximum allowable speeds for the train to run safely under four specific seismic accelerations were evaluated on some threshold values. Matsumoto et al. [18] developed a vehicle/structure dynamic interaction analysis program, known as DIASTARS, to study the operation safety of railway vehicles subjected to earthquake motion. Zhang et al. [19] proposed a method to simulate the dynamic responses of the vehicle-bridge interaction system under multisupport seismic excitation, by which the histories of the dynamic responses were obtained for a high-speed train traversing a steel truss cable-stayed bridge with different seismic intensities and different train speeds. In these pioneering works, most researchers either neglected the track system or took only the conventional ballasted track into consideration. Since the track system is a flexible medium vibrating with the train and bridge, it can affect the extent of interaction between the two subsystems, especially for the train moving in the high-speed range. To the knowledge of the authors, rather few researches have conducted on the random vibrations and the stability of trains running over ballastless track on bridges shaken by earthquake. It follows that the index values computed for the evaluation of the random vibrations and the stability of trains may not be accurate enough for modern high-speed and urban railways, in which the ballastless tracks, for example, slab track, are widely used [20] [21] [22] [23] [24] [25] . On the other hand, the track irregularity and seismic motion are usually only treated as one or few time-history samples to compute the dynamic responses of train-track/bridge interaction system in most of the previous literatures. In fact, these results can only be regarded as the particular cases of a sequence of possible outcomes because of the randomness of track irregularity and seismic motion. Therefore it is of great importance to evaluate the random vibrations and the stability of the moving trains on a random vibration basis in order to ensure the reliability of the simulation. Unfortunately, the conventional approach for random vibration analysis [26] is computationally inefficient, especially for the sophisticated train-slab track-bridge interaction (TSTBI) system. Therefore more efficient and accurate algorithm should be employed to analyze the random vibrations of the TSTBI system as well as the stability of the moving trains, such as PEM [6, [27] [28] [29] . Zhang et al. [6] have investigated the random vibrations for the train-bridge system subjected to horizontal earthquake by PEM. However, the track was assumed to be attached firmly to the girder, and the wheel displacements were assumed to be fully constrained by the girder displacements and track irregularities; that is, the inherent relative displacements between the wheel, the track, and the girder were not taken into consideration.
In present paper, a three-dimensional TSTBI model is constructed based on the assumptions made for modeling such a system. The equations of motion for the major components of the model, that is, the vehicle, rail, slab, girder, and pier, are formulated by means of the finite element method (FEM) and energy principle [30] , and, using these, the equations of motion for the entire TSTBI system are assembled.
The track irregularities are regarded as a series of uniformly modulated, multipoint, different-phase random excitations by taking the time lags between the wheels into account, while the earthquakes are assumed as a series of uniformly modulated, nonstationary, evolutionary random excitations. Thus, the random excitations caused by the track irregularities and earthquakes are transformed into a series of deterministic pseudoharmonic excitation vectors according to PEM and the wheel-rail interaction relationship, so that the timedependent PSDs of the random vibration responses of the system excited by track irregularities and earthquakes can be obtained by step-by-step integration method such as Wilsonmethod. A high-speed train consisting of eight vehicles moving over a slab track resting on a fifteen-span simply supported girder bridge is presented. Firstly, the PSD characteristics of the random dynamic responses of the bridge and train are investigated. Secondly, the influence of the wheel-railbridge interaction models on the random vibration characteristic of the bridge and train are studied. Thirdly, the influence of the train speed, the earthquake intensity, and the pier height on the dynamic reliability of train operation stability is analyzed. Finally, some useful conclusions are drawn. Figure 1 depicts a train consisting of a series of four-axle vehicles moving with a constant speed V on a slab track resting on a simply supported girder bridge shaken by the track irregularities and earthquakes. For the sake of simplicity, it is assumed that no inelastic deformation occurs on each subsystem during earthquakes.
Model of Train.
The train consists of the rear and front motor cars numbered 1 and 2, respectively, and V trailer cars numbered 1, 2, . . . , V from left to right.
Each trailer car in the train is modeled as a mass-springdamper system consisting of one carbody, two bogies, four wheelsets, and a two-stage suspension system. As shown in Figure 1 , the carbody rests on the front and rear bogies, each of which in turn is supported by two wheelsets. The carbody is modeled as a rigid body with mass and three moments of inertia , , and about the -axis, -axis, andaxis through its center of gravity. Similarly, each bogie is considered as a rigid body with mass and three moments of inertia , , and . Each wheelset is considered as a rigid body with mass and two moments of inertia and . The secondary suspension between the carbody and each bogie is characterized by a three-dimensional springdamper system with stiffness , , and and damping coefficients , , and , respectively. Likewise the springs and shock absorbers in the primary suspension for each wheelset are characterized by , , and and , , and , respectively. By neglecting of the longitudinal motions, the motions of the th trailer carbody with respect to its center of gravity may be described by the lateral displacement , the vertical displacement , the rolling displacement , the pitching displacement , and the yawing displacement , where the subscript denotes the trailer car number. Similarly, the motions of both the rear and front bogies of the th trailer car may be also described, respectively, by 1 , 1 , 1 , 1 , and 1 and 2 , 2 , 2 , 2 , and 2 . The motion from left to right of the ℎth (ℎ = 1-4) wheelset of the th trailer car may be described by wh , wh , wh , and wh , respectively. Therefore, the total number of DOFs for each trailer car is 31. However, it is assumed that no jump occurs between each wheel of all
Equations of Motion for the TSTBI System
By using the energy principle [30] , one can derive the threedimensional equations of motion written in submatrix form for the TSTBI system as
where the subscripts " , " " , " " , " " , " and " " denote the train, rail, slab, girder, and pier, respectively. The displacement vector, mass matrix, stiffness matrix, damping matrix, and the load vector of the train, rail, slab, girder, and pier are explained as follows briefly, and the detailed derivation can refer to [30, 31] .
Displacement Vectors for
Tran, Rail, Slab, Girder, and Pier. The total train displacement vector X of order dof ×1 ( dof = 23 × V + 23 × 2) can be written as
where the superscript "T" denotes the transpose of the matrix and X V ( = 1, 2, . . . , V ) and X ( = 1, 2) the displacement vectors of the th trailer car and the th motor car, respectively. These can be expressed as 
The displacement vector of the rail X of order 2 × 1, comprising the displacement vectors X of the left rail and X of the right rail, both of order × 1, can be written as
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Similarly, the displacement vector of the slab X of order ×1, the displacement vector of the girder X of order ×1, and the displacement vector of the pier X of order ×1 can be written, respectively, as
where X ( = 1, 2, . . . , ) denotes the displacement vector of the th slab, the total number of slabs, and the total number of DOFs of all slabs; X ( = 1, 2, . . . , ) denotes the displacement vector of the th girder, the total number of girders, and the total number of DOFs of all girders; and X ( = 1, 2, . . . , ) denotes the displacement vector of the th pier, the total number of piers, and the total number of DOFs of all piers. 
Matrices for
where M V , K V , and C V , all of order 23 × 23, denote the mass, stiffness, and damping matrices of the th trailer car, respectively; M , K , and C , all of order 23 × 23, denote the mass, stiffness, and damping matrices of the th motor car, respectively. The matrices of the rail are marked with the subscript " . " The mass matrix M of the rail with order 2 × 2 , comprising mass matrices M of the left rail and M of the right rail, both of order × , can be written as
The stiffness matrix K of the rail of order 2 × 2 , which is composed of the stiffness matrices of the left and right rails K and K , both of order × , and the left rail-right rail interaction stiffness matrices K and K of order × , can be written as
where the stiffness matrices K and K are induced by the train's weight acting upon the rails by the wheelsets.
The damping matrix C of the rail of order 2 × 2 , consisting of the damping matrices of the left and right rails C and C , respectively, both of order × , and can be written as
The matrices of the slab, girder, and pier, marked with the subscripts " , " " , " and " , " respectively, are not given here but can be derived by following a procedure similar to that given above.
3.3.
Matrices for Train-Rail-Slab-Girder-Pier Interaction. The matrices for the train-rail interaction, marked with subscripts " " or " , " consist of the train-left rail interaction matrices marked with subscript " , " and the train-right rail interaction matrices marked with subscript " . " The stiffness matrices K and K of order dof × 2 and damping matrices C and C of order dof × 2 , describing the trainrail interaction, can be written according to the vertical and lateral wheel-rail interaction relationships [32, 33] as
The matrices for the rail-slab interaction, marked with subscripts " " or " , " are induced by the stiffness and damping of the fastener between the rail and slab. The matrices for the slab-girder interaction, marked with subscripts " " or " , " are induced by the stiffness and damping of the CAM between the slab and girder. The matrices for the girder-pier interaction, marked with subscripts " " or " , " are induced by the stiffness and damping of the bearing between the girder and pier. All of them can be derived similarly.
Load Vectors for
Train, Rail, Slab, Girder, and Pier. The load vector F of the train of order dof × 1 can be written as
with 
and F

2
V for the th trailer car can be written, respectively, as 
where ( ℎ ), ( ℎ ), ( ℎ ), and ( ℎ ) denote the track elevation, cross level, alignment, and gauge irregularities, respectively, at the ℎth wheel-rail contact point of the th trailer car; (⋅) is the first derivative of track irregularity (⋅); 0 is half of the transverse distance between the contact points of the wheel and rail; 2 is half of the transverse distance between the vertical primary suspension systems (Figure 1(b) ); is half of the bogie axle base; axle is the axle weight; is the slope of the wheel tread; and 22 ℎ and 22 ℎ (ℎ = 1-4) are the lateral creepage coefficients between the ℎth wheelset of the th trailer car and the left and right rails, respectively. The lateral creepage coefficient is a function of the wheel-rail normal contact force and the wheel-rail curvature radius at the contact point. In order to make the calculation easier, the coefficient is considered as a constant for certain vehicle by taking the wheel-rail normal contact force as the static wheel Discrete Dynamics in Nature and Society 7 weight and assuming that the wheel-rail contact point lies in a cone surface for the wheel and in a cylindrical surface for the rail [33] . 
where
, and F 4 represent the load vectors of each wheelset acting upon the left rail caused by the train's weight, the track elevation irregularity, the cross level irregularity, the alignment irregularity, and the gauge irregularity, respectively; F 5 , F 6 , F 7 , and F 8 represent the load vectors of each wheelset acting upon the left rail caused by the velocity of track elevation, cross level, alignment, and gauge irregularities, respectively; F 9 and F 10 represent the load vectors of each wheelset acting upon the left rail caused by the acceleration of track elevation and cross level irregularities, respectively. Similarly, F 0 -F 10 represent the load vectors of each wheelset acting upon the right rail. F 0 -F 10 can be written, respectively, as
where N ℎ and N ℎ , both of order 1 × , are the timedependent shape function vectors in the plane for the rail element evaluated at the position of the ℎth wheelset of the th trailer car and the th motor car, respectively; N ℎ and N ℎ , both of order 1 × , are the time-dependent shape function vectors in the plane for the rail element evaluated at the position of the ℎth wheelset of the th trailer car and the th motor car, respectively; is the acceleration of gravity; axle is the axle weight of the motor car;(⋅) is the second derivative F 0 -F 10 can be derived similarly. Each element for the load vector of the slab F of order × 1 is zero. The load vector of the girder F of order × 1 can be written as
where denotes the number of elements of the th girder, the mass of node of the th girder, and and the lateral horizontal and vertical seismic accelerations, respectively.
Similarly the load vector of the pier F of order × 1 can be written as
where denotes the number of element of the th pier and the mass of node of the th pier. Let the following definitions be true:
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Then, the load vector of the TSTBI system simultaneously excited by track irregularities and earthquakes F( ) can be expressed as
Random Vibration Analysis of the TSTBI System under the Actions of Track Irregularities and Earthquakes by PEM
4.1. Pseudoexcitation for the System. PEM is a highly efficient and accurate algorithm for random vibration analysis, which has been established and successfully used for many timedependent systems subjected to different kinds of random excitations, for example, earthquakes [27] and wind gusts [34] .
For any zero-mean-valued random system, the relationship between the PSD S of excitation F RND and the PSD S of response U can be expressed as
where H( ) denotes the frequency response function.
The basic principle of PEM is the following. Given the PSD function S and defining the pseudoexcitationF RND = √S , one then can obtain, according to (24) ,
withF *
whereŨ denotes the pseudoresponse and the superscript " * " the complex conjugate. Let be the distance from the left-hand starting point of the TSTBI model to the wheel-rail contact point at time . There then exists a transformation from the PSD S (Ω) of ( ) in the space domain to the PSD S ( ) of ( ) in the time domain, according to = V :
where (rad/s) denotes the time frequency, Ω (rad/m) the spatial frequency, and V (m/s) the train speed. Obviously, = ΩV.
As the duration of an earthquake is usually comparable with the time it takes for a train to pass over a large bridge, it is reasonable to represent the earthquakes by the nonstationary random process as follows:
where and denote the zero-mean-valued, stationary, lateral, and vertical seismic accelerations with the PSDs of S ( ) and S ( ), respectively, and g( ) a specified slowly varying modulation function.
According to PEM and (23), the pseudoexcitatioñ F RND ( , ) induced by F RND ( ) can be written as
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Calculation of Random
Responses of the System. Based on (1) and (23), the equations of motion for the TSTBI system can be expressed as
where M( ), C( ), and K( ) denote the mass, damping, and stiffness matrices, respectively, of the total TSTBI system; U, U, andÜ denote the displacement, velocity, and acceleration vectors, respectively, of the system. The response of the system caused by the train's weight F GRT ( ) is deterministic and can be obtained easily in the time domain using a step-by-step integration method. While, the pseudoresponseŨ( , ) of the system caused by the pseudoexcitationF RND ( , ) can be obtained by solving the following equation in both the frequency and time domains:
According to PEM, the time-dependent PSD S ( , ) of arbitrary responseŨ( , ) of the system can be written as
Then, one can estimate the global maximum value max(U( )), the minimum value min(U( )) and the dynamic reliability of the random responses by the first-passage failure criterion according to the following equations [6, 35, 36] :
where is a dimensionless parameter known as the peak factor, is a safety factor, ( ) and are the expectation value and the standard deviation of , respectively, U is the equivalent stationary standard deviation of random response U, is the zero-passage rate, and is the allowable safety limit.
Solution Procedures.
The flowchart for efficiently analyzing the random vibrations of the TSTBI system under the actions of track irregularities and seismic accelerations is shown in Figure 2 .
Case Study
Properties of the TSTBI System.
A fifteen-span simply supported boxing girder high-speed railway bridge, with the span length of 32 m and the pier height of 20 m, is considered as shown in Figure 1 . The central part of the slab track is supported on the bridge, while the left and right parts of the track are supported on the subgrades adjacent to the bridge. The lengths of element of the rail, slab, and girder are all equal to the fastener spacing of 0.625 m, while the length of the pier element equals 1.0 m. The high-speed train comprises one front motor car, six trailer cars, and one rear motor car moving at a constant velocity V. The fundamental data of the motor car and trailer car can refer to [37] . The major fundamental data of the slab track and bridge are listed in Table 1 . The PSDs of the German high-speed track spectrum of low irregularity [38] are adopted. In addition, the PSDs of the lateral horizontal and vertical seismic accelerations and the uniform modulation function (Figure 3 ) are taken as follows [6, 35] : 
Generate the matrices of M(t), C(t), K(t), and the deterministic load vector GRT (t)
Define the pseudoexcitation vector̃R ND ( , t)
Is the larger than max ? 
where S 0 and S 0 denote the spectral intensity factor, and denote the damping ratio of the site, and denote the predominant frequency of the site, , , , and denote the filter parameters, denotes the attenuation coefficient, and and denote the times at the start and end, respectively, of the stationary main shock. Additionally, = , = 1.58 ,
Discrete Dynamics in Nature and Society Flexural moment of inertia about -axis of cross section of rail m Table 2 . It is assumed that the DBGA is 0.15 g and the bridge site is Type II. The spatial frequency of the track irregularity PSDs ranges from 0.004 × 2 to 1 × 2 rad/m, while the frequency of the seismic acceleration PSDs lies in the range of 0-40 Hz. It is worth noting that the extreme state for the maximum responses of the bridge and each moving vehicle may not occur at the same time when the track irregularities and earthquakes are considered simultaneously, and therefore cannot be easily identified. This makes it rather difficult to determine how the earthquakes' starting times affect the results. Here, the earthquakes are assumed to start exactly at the instant when the train enters the bridge [17] .
Analysis of the PSD Characteristic of the Random Vibration Responses of Bridge and Train.
The random vibration responses of the bridge and train calculated by PEM with train speed of 300 km/h are still used.
The PSDs of the vertical and lateral acceleration of the girder midpoint to the passage of the train shaken by track irregularities and earthquakes are plotted in Figure 4 . It can be seen from Figure 4 in Figure 5 the vehicle passing through different girder ( Figure 5(a) ), while similar trend cannot be found for the lateral PSD induced by earthquakes ( Figure 5(b) ).
A similar phenomenon for the vertical and lateral accelerations of the motor carbody can be also observed. Herein it is not discussed in detail to save the length of the paper.
Influence of Train Speed on the Random Vibration Characteristic of Bridge and Train.
In reality, the train may move over the bridge at various speeds during earthquakes. There exists a need to investigate the random vibration characteristic of the train moving over the bridge under various train speeds, as they may be different. The train is assumed to move over the bridge with a constant speed varying from 150 to 420 km/h at 10 km/h intervals. The other parameters are the same as listed in Section 5.1. Furthermore, two calculation cases (Table 3) are computed for comparison. In case B, the relative displacements between wheel, track, and girder are 
Excitations
Track irregularity + earthquake
Track irregularity + earthquake neglected [6] . The maximum values of the PSD and the DVF of the bridge and train with respect to train speed are shown in Figures 6-10 and Tables 4 and 5 . Some conclusions can be drawn from Figure 6 and Table 4 : (1) both the maximum values of the PSD and the DVF of the girder vary slightly as the train speed increases in both cases A and B, which indicates that the vertical and lateral vibrations of the girder are induced basically by earthquakes and not by the train and the track irregularities. (2) The maximum values of the PSD in case B tend to be larger than those in case A because the effects of the constraint of the track are not taken into account in case B, but the degree of increase is below 10%.
From Figures 7-10 and Table 5 , the following observations can be made easily: (1) the DVF1 and DVF2 for both the vertical and lateral accelerations of the carbody change slightly around the corresponding fundamental frequencies of the train and bridge with the rising of train speed in both cases A and B. (2) For the carbody vertical acceleration, the maximum values of the PSD of DVF1 increase as the train speed increases in both cases A and B. (3) The maximum values of the PSD of DVF1 for the carbody lateral acceleration do not show a trend of monotonic increase for higher train speeds in case A. This trend can be also found from the maximum values of the PSD of DVF2 for both the vertical and lateral accelerations of the carbody in case A. (4) For the carbody vertical acceleration, the maximum values of the PSD of DVF1 are generally bigger than those of DVF2 in both cases A and B, implying that the influence of the track irregularities in the vertical direction is more obvious than that of earthquakes. However the opposite is the case for the carbody lateral acceleration. (5) Unlike in case A, there exists only one DVF for the lateral accelerations of the carbody in case B, which generally coincides with the lateral fundamental frequency of the bridge. Meanwhile, the peak values of the PSD of the carbody acceleration in case B are generally larger than those in case A, but the difference between the lateral accelerations of the carbody is much larger than that for the vertical accelerations. For the motor car, the lateral and vertical accelerations of case B are larger than those of case A by up to 36% and 6%, respectively. One reason behind these is that the influence of earthquakes on the carbody lateral accelerations is greater than that of track irregularities. Another reason is that the inherent relative displacements between the wheel and track in the lateral direction are probably much larger than that in the vertical direction in case A.
Analysis of Dynamic Reliability of Train Operation Stability.
As was mentioned in [7] , the train operation stability over bridges under the action of earthquakes is an important subject for the railway engineers because the moving trains may not be safe enough due to the excessive vibrations of bridges. The dynamic reliability of train operation stability is investigated in this paper according to (35) , in which " " is equal to the allowable safety limit of each evaluation index. The standards used for evaluation of train operation stability are listed in Table 6 [38].
Three numerical examples are applied to analyze the influence of the train speed, the earthquake intensity, and the pier height on the dynamic reliability of train operation stability, respectively. To investigate the influence of the train speed on the dynamic reliability of train operation stability over bridge, the train is also assumed to move over the bridge with a constant speed varying from 150 to 420 km/h at 10 km/h intervals, with the same track irregularities and earthquakes as listed in Section 5.1. The estimated dynamic reliability of train operation stability with respect to train speed is plotted in Figures 11-14 . To investigate the influence of the earthquake intensity on the dynamic reliability of train operation stability over bridge, seven lateral seismic accelerations varying from 0.0 g to 0.3 g are used as the input excitations, respectively. For each case, the train is assumed to pass through the bridge at a speed of 300 km/h. The other parameters are as for Section 5.1. The estimated dynamic reliability of train operation stability with respect to seismic acceleration is shown in Figures 15-18 . To investigate the influence of Train speed (km/h) 
Summary
In this study, the three-dimensional vibration model of the TSTBI system is firstly established by FEM, the equations of motion for the entire system are then derived by means of energy principle. The excitations caused by random track irregularities and seismic accelerations are transformed into a series of deterministic pseudoharmonic excitation vectors via PEM. Taking a high-speed train traveling over a fifteenspan simply supported girder bridge as an example, the random vibration characteristic of the coupled system and the dynamic reliability of train operation stability are investigated. From the numerical results obtained in this work, the following conclusions can be drawn:
(1) The time-dependent PSDs of the random vibration responses of the TSTBI system simultaneously excited by track irregularities and earthquakes can be obtained easily by PEM, which may be useful for unveiling the mechanism underlying the phenomena of resonance and cancellation of the system, as well as for the mitigation of vibrations of the system.
(2) The neglecting of the relative displacements between the wheel, track, and bridge may lead to an increase of the peak values of the PSD of the TSTBI system. Furthermore, the extent of the amplification for the lateral accelerations of the carbody is much larger than that for the vertical accelerations of the carbody.
(3) PEM may serve as a useful aid to the railway engineers for optimizing the design of dynamic parameters of the vehicle, track, and bridge to ensure the dynamic stability of a train traveling over a bridge under the actions of track irregularities and earthquakes on the basis of random vibration.
